Based on density functional methods, we investigate the origin of variations in electronic structures and dielectric constants of representative alumina polymorphs. We consider the most stable ␣-Al 2 O 3 and three metastable phases of alumina, , , and ␥-Al 2 O 3 . Computed energy gaps are found to be in the order of ␣ Ͼ Ͼ Ͼ ␥, which can be understood based on electrostatic potentials at specific lattice sites; while cations occupying tetrahedral sites explain downshifts of conduction bottoms in the metastable alumina, vacant sites in ␥-Al 2 O 3 account for the gap reduction originated in the valence band. On the other hand, dielectric properties are also calculated based on density functional perturbation methods. On average, the static dielectric constants follow the order of Ͼ ␣ Ͼ Ͼ ␥. The substantial enhancement of the dielectric constant for -Al 2 O 3 is attributed to elongated Al-O bonds due to a simultaneous occupation of tetrahedral and octahedral sites by cations within a single layer.
I. INTRODUCTION
Aluminum oxide ͑Al 2 O 3 ͒ or alumina is one of the most important ceramic materials that are widely used in many technological applications such as abrasives, substrates, electrical insulators, tunneling barriers, and catalysts. 1, 2 While the ␣ phase, corundum, is the only stable phase at any pressures or temperatures, there also exist several metastable phases such as ␤, , , ␦, , and ␥, known as transition alumina. 3 The polymorphism of alumina can be classified systematically in terms of the stacking sequence of anions and the distribution pattern of cations in tetrahedral or octahedral interstices. For example, anions in ␣-Al 2 O 3 form the hexagonal-close-packed lattice, while the face-centered cubic arrangement constitutes base structures of anions in , ␥, ␦, and phases.
Various phases of alumina are dissimilar in physical properties such as the density, dielectric constant, and energy gap, which are closely related to the specific applications of each phase. For example, when used as electrical insulators to replace silicon dioxides in microelectronic devices, it would be desirable to use a phase with high dielectric constants and large energy gaps, such as ␣-Al 2 O 3 . While there is a large body of studies on electronic structures and lattice dynamics of individual phases of alumina, [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] less efforts have been directed toward understanding the underlying relationship between atomic structures of polymorphs and their physical properties. [17] [18] [19] [20] [21] [22] [23] In this paper, we employ first-principles approaches to compare electronic structures and dielectric constants of ␣, , ␥, and -Al 2 O 3 , four representative phases of alumina. Furthermore, we carry out detailed analysis to identify the microscopic origin of variations in the energy gap and dielectric constant from phase to phase.
II. COMPUTATIONAL METHODS AND MODEL SYSTEMS
For a computational framework, we adopt first-principles pseudopotential methods based on density functional theory.
Throughout this work, we use a computational package QUANTUM-ESPRESSO. 24 Ion-electron interactions are approximated by ultrasoft pseudopotentials 25 to save computational costs and the local density approximation ͑LDA͒ is employed for the description of exchange-correlation energies of electrons. 26 The wave-function cutoff is chosen to be 40 Ry and k points are sampled in the first Brillouin zone using uniform 4 ϫ 4 ϫ 4, 4 ϫ 2 ϫ 2, 4 ϫ 4 ϫ 2, and 4 ϫ 4 ϫ 3 grids for primitive unit cells of ␣, , ␥, and -Al 2 O 3 , respectively. In Ref. 12 , the convergence analysis on k-point sampling was carefully carried out for ␥-Al 2 O 3 by comparing results with 4 ϫ 4 ϫ 2 and 15ϫ 15ϫ 9 grids ͑albeit in a nonself-consistent way͒ and it was concluded that the 4 ϫ 4 ϫ 2 mesh is sufficient. When we obtain the electronic density of states ͑DOS͒, the k-point densities are doubled to locate band edges more accurately. With this choice of computational parameters, the total energy, atomic forces, and stress tensors are converged to within 10 −3 Ry/ at., 2 ϫ 10 −3 Ry/ Å, and 5 kbar, respectively.
For studying dielectric permittivities, linear response methods based on density functional theory are employed to obtain Born effective charges and phonon modes at zone center. 27, 28 The static dielectric tensors are then calculated according to the following formula:
where ␣␤ ϱ , ⍀, and m denote the dielectric tensor contributed by electrons, unit-cell volume, and frequency of the IR-active phonon with a mode number of m, respectively. Z m␣ * in Eq. ͑1͒ is the mode-projected effective charges defined as follows:
where M k and Z ␣␤ k are the mass and effective charge tensor of atom k, respectively, and u m,␤ phonon mode. Since we are concerned with static dielectric constants under a homogeneous electric field, i.e., ␣␤ ͑q ជ =0, =0͒, the ionic response does not vary from cell to cell. Therefore, only phonon modes at zone center are used in evaluating Eq. ͑1͒. 29 For a structural model of -Al 2 O 3 with the anion stacking of ABAC style, we refer to Refs. 14 and 15. On the other hand, the crystal structure of spinel-based ␥ phase has been a long-standing issue. Recently, an extensive study combining experimental measurements and computational modeling showed that significant portions of nonspinel positions are occupied. 9 Calculations on such huge models are not feasible within our computational resources and we use a minimal structure containing 40 atoms derived from the spinel as proposed in Ref. 11 . In defective spinel structures, the most stable configuration was obtained when two vacancies at octahedral sites are farthest from each other. 20 Lastly, our model of -Al 2 O 3 is based on the structure used in Refs. 16 and 21. It contains alternating layers of cations occupying either tetrahedral or octahedral sites.
III. RESULTS AND DISCUSSIONS

A. Structural properties
In Table I , computational results on equilibrium lattice parameters are shown with comparison to experimental or other theoretical results when available. The overall agreements are satisfactory. Other bulk properties are compiled in Table II . It is seen that the equilibrium volume increases monotonically with the ratio of tetrahedral to octahedral sites occupied by Al atoms ͑N tet / N oct ͒. This is understandable since one of the Al-O bonds around Al atom at tetrahedral sites ͑Al tet ͒ points along the direction of anion stacking, which in turn expands layer-to-layer distances. On the other hand, it is found that the equilibrium energy is not simply dependent on N tet / N oct . It is believed that positional disorders in ␥-Al 2 O 3 further increase the energy. An interesting observation is that the total energy is well correlated with the energy gap.
For a comparison purpose, we also calculate on alumina with the hypothetical bixbyite structure which is generally preferred for larger sizes of cations such as Lu 2 O 3 .
22,23 Most empirical potentials for alumina are known to favor the bixbyite structure over corundum. It was suggested that corundum became more stable than the bixbyite phase if the quadrupolar polarizability of oxygen ions is considered in the shell model. 22 In the last line of Table II , the computed properties of the bixbyite Al 2 O 3 are shown. It is seen that the structure is surprisingly stable with a total energy close to that of the phase, partly explaining the difficulties in the empirical modeling. The energy gap and dielectric constants are also comparable to those in other phases.
B. Electronic structures
In Fig valence edge and accounts for the smallest energy gap among calculated polymorphs. To explain this, we inspect the spatial distribution of wave functions at the valence top of ␥-Al 2 O 3 and it is identified as O 2p orbitals surrounding vacant sites in the defective spinel structure. In addition, the analysis on electrostatic potentials shows that the potential values averaged within 1.4 Å around those oxygen atoms are substantially higher than for other oxygen sites by 0.6-1.5 eV. Based on these observations, the rising of the valence edge in ␥-Al 2 O 3 can be understood as follow: positively ionized cations are a source of attractive potentials for electrons. Therefore, the absence of cations at defect sites effectively increases nearby electrostatic potentials, which in turn raises the on-site energy of nonbonding O 2p orbitals forming the bands near the valence top.
On the other hand, downshifts of the conduction bottom are responsible for the band-gap reduction for all metastable phases, implying that the occupation of Al atoms at tetrahedral sites is a primary reason. To enlighten this, we examine states at the conduction bottom of each phase as shown in Fig. 3 moves charge centers toward more attractive potentials at the tetrahedral sites, and thereby O 2s orbitals become more stable and the conduction bottom shifts down. On the other hand, the O 2s orbital in ␣-Al 2 O 3 is also polarized but it is not pointing to any of four nearby cations at octahedral sites ͑Al oct ͒.
C. Dielectric properties
Next, we compare dielectric properties between polymorphs using the density functional perturbation method outlined in Sec. II. The computed Born effective charges are found to vary less than 10% from phase to phase, implying that charge transfers are similar among polymorphs. In Table  III , we enlist all phonon modes at zone center obtained from the calculations. The space groups of the model systems are R3c, Pna2 1 , C2 / m, and C2 / m for ␣, , ␥, and -Al 2 O 3 , respectively. ͑We recall that the ␥ phase belongs to Fd3m experimentally. 28 ͒ According to a standard group-theoretical analysis, the irreducible representations of phonon modes are obtained as follows:
The agreements between phonon modes in Table III and previous experimental data for the ␣ phase or theoretical data for the phase are within 3%. 4, 8 On the other hand, our data for the ␣ phase are larger by 5% than theoretical estimations in Ref. 4 , which is attributable to using different firstprinciples approaches. It is noted that our data slightly overestimate experimental measurements while results in Ref. 4 underestimate them by almost same amounts. Table II shows the dielectric constants computed according to Eq. ͑1͒ using IR-active phonon modes in Table III and Born effective charges. It is intriguing that ϱ , averaged optical dielectric constants, scales with the energy gap, although differences are small. This is at variance with a general perception that materials with a larger band gap tend to show smaller ϱ . On the other hand, there exist substantial variations in the ionic response, and hence in the static dielectric permittivity, among the polymorphs. The anisotropies in 0 ion are within 10%, except for ␣-Al 2 O 3 where 0 ion along the c axis is larger than those for in-plane directions by 35%. The smallest values of the energy gap as well as the dielectric constant are obtained for ␥-Al 2 O 3 . This contrasts with its application to replacement gate oxides where opposite properties are strongly required. 30 In Table II , it is also noticeable that 0 for -Al 2 O 3 is largest among polymorphs considered in this work. The computed value agrees well with the previous literature. 8 In order to reveal the microscopic origin to enhance the dielectric constant, we plot 0 ion ͑͒ in Fig. 4 defined as follows. 3 in ͑a͒ and ͑d͒, respectively, and 0.0016 e / a.u. 3 in ͑b͒ and ͑c͒. .
͑7͒
By considering phonon modes with frequencies below , the plot helps us to resolve contributions to the dielectric permittivity in terms of phonon frequencies. In Fig. 4 , it is seen that low-frequency components are mainly responsible for the enhancement of 0 in -Al 2 O 3 . From a detailed inspection of the IR-active modes in -Al 2 O 3 , we find that a pair of elongated Al-O bonds is the main source of the large dielectric response at low frequencies. One of them is indicated by a dashed line in Fig. 1͑b͒ . These Al-O bonds are related to a simultaneous presence of Al oct and Al tet within a single cation layer which we call a "mixed" layer ͓see the arrow in Fig. 1͑b͔͒ . As mentioned above, Al tet tends to increase distances between sandwiching anion layers. As a consequence, one of the Al-O bonds around Al oct in the mixed layer is elongated with its length increased to 2.2 Å, compared to typical Al oct -O bonds of 1.8-1.9 Å. The weakened Al-O bonds are easily polarized with large ionic motions, which in turn increase the static dielectric constants. On the other hand, there are also mixed layers in ␥-Al 2 O 3 where two-thirds of cations occupy tetrahedral sites ͓see the arrow in Fig. 1͑c͔͒ . However, the cation layer right above the mixed layer contains vacant sites, and oxygen atoms can relax to maintain the Al-O bond lengths around Al oct . This is contrasted to -Al 2 O 3 where the mixed layer is sandwiched between cation layers with purely octahedral occupations.
IV. SUMMARY
In summary, we have studied electronic structures and dielectric responses of four representative phases of Al 2 O 3 . The energy gap is in the order of ␣ Ͼ Ͼ Ͼ ␥ and the averaged, static dielectric constant follows the order of Ͼ ␣ Ͼ Ͼ ␥. Two underlying mechanisms were identified for the reduction of energy gap for metastable phases; firstly, the higher electrostatic potential around vacant sites accounts for the smallest energy gap of ␥-Al 2 O 3 . Secondly, the orbital energy was found to be lower for oxygen atoms around the tetrahedral sites in metastable phases compared to octahedral sites, explaining the downshifts of conduction bottoms. On the other hand, the enhancement of dielectric permittivity for -Al 2 O 3 originated from softened Al-O bonds in a mixed cation layer where Al atoms occupy both octahedral and tetrahedral sites. 
